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Previous studies have shown that rate-induced transitions can occur in pullback attractors of
systems subject to “parameter shifts” between two asymptotically steady values of a system pa-
rameter. For cases where the attractors limit to equilibrium or periodic orbit in past and future
limits of such an nonautonomous systems, these can occur as the parameter change passes through
a critical rate. Such rate-induced transitions for attractors that limit to chaotic attractors in past
or future limits has been less examined. In this paper, we identify a new phenomenon is associated
with more complex attractors in the future limit: weak tracking, where a pullback attractor of the
system limits to a proper subset of an attractor of the future limit system. We demonstrate weak
tracking in a nonautonomous Ro¨ssler system, and argue there are infinitely many critical rates at
each of which the pullback attracting solution of the system tracks an embedded unstable periodic
orbit of the future chaotic attractor. We also state some necessary conditions that are needed for
weak tracking.
I. INTRODUCTION
Attractors of nonautonomous (time-varying) dynam-
ical systems that limit to autonomous systems in both
past and future time can undergo rate-induced transi-
tions. Many studies and applications of these transitions
in such “parameter shift” systems assume equilibrium at-
tractors of both limiting systems, see Ref. [1–8]. If there
are non-equilibrium attractors for past and future limits
these can lead to new phenomena. For example, Kasza´s
et al [9] study the equation of the forced pendulum with
time-dependent amplitude of forcing and show there is an
analogy between the behavior of the pullback attractor of
the nonautonomous system and the bifurcation diagram
of the associated autonomous (or “frozen system”). The
structure of the pullback attractor may be very complex
even for parameter values where is no stable chaos. In an-
other paper, Kasza´s et al [10] explain the time-dependent
topology of the same system and show that it can be
described using properties of pullback saddles and their
unstable foliations.
Rate-induced transitions for attractors that limit to
various sets in the past are discussed in Alkhayuon and
Ashwin [11], where each attractor for the past limit sys-
tem can be associated with a pullback attractor for the
nonautonomous system. For such a system with a branch
of exponentially stable attractors, Ref. [11] identify a
number of rate-induced phenomena: (i) strong tracking:
where a pullback attractor of the system end-point tracks
the branch of attractors and limit fully to the attractor
of the future limit system; (ii) partial tipping: where cer-
tain trajectories of a pullback attractor track the branch
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but other trajectories tip (i.e. limit to other attractors
forward in time); (iii) total tipping: where a whole pull-
back attractor limits forward in time to an attractor that
does not included in the considered branch.
An invariant set M is called a minimal invariant set
if it contains no proper invariant subset. Analogously,
an attractor A is called a minimal attractor if it has no
proper sub-attractors [12]. Chaotic attractors such as the
Ro¨ssler attractor provide a rich source of attractors that
are non-minimally invariant; as they typically contain a
dense set of embedded unstable periodic orbits.
Assume we have a parameter shift system that limits
forward in time to a system with a non-minimal attrac-
tor, or even a minimal attractor that is not minimally
invariant. We say there is a weak tracking, if there is
a pullback attractor for the parameter shift system that
limits forward in time to one of the invariant subsets of
the future limit attractor. The future limit system needs
to have at least one attractor that is non-minimal in-
variant set, in order for the parameter shift system to
exhibit weak tracking. This can be seen on applying [11,
Lemma II.1] which shows that the upper forward limit
of a pullback attractor must be invariant with respect to
the future limit system.
In this paper we demonstrate the existence of weak
tracking of pullback attractors for parameter shift sys-
tems. In Section II we define weak tracking for parameter
shift systems. In doing so, we use the results on asymp-
totic behaviour of parameter shift systems from Ref. [11].
Section III illustrate the phenomena of weak tracking in
Ro¨ssler system [13]. We shift one bifurcation parameter
of the system monotonically such that future limit sys-
tem has always a chaotic Ro¨ssler attractor, whereas, the
past limit system has an attracting equilibrium. We show
that there is a dense set of critical rate at each of which
the system exhibits weak tracking. We also conjecture
this set has zero measure. Finally, we discuss and con-
2clude in Section IV. In particular, we note a dimension
restriction that must be satisfied for weak tracking to
take place - the past limit attractor can have dimension
no bigger than the stable manifold of a proper subset of
the future limit attractor.
II. ASYMPTOTIC BEHAVIOUR OF
PARAMETER SHIFT SYSTEMS
A parameter shift system [14] is a nonautonomous dif-
ferential equation of the form:
x˙ = f(x,Λ(rt)), (1)
where x ∈ Rn, t, r ∈ R, Λ : R → R and f is at least
C1 in both arguments. For some λ− and λ+ ∈ R with
λ− < λ+, the parameter shift Λ satisfies (i) Λ(τ) ∈
(λ−, λ+) for all τ ∈ R, (ii) limτ→±∞ Λ(τ) = λ±, and
(iii) limτ→±∞ dΛ/dτ = 0. We denote the solution pro-
cess of (1) with x(s) = x0 by Φ(t, s, x0) := x(t). One
can understand much of the behaviour of System (1) by
studying the associated autonomous (or frozen) system,
which is given by:
x˙ = f(x, λ), (2)
where λ is time-independent and denote the flow of (2)
by φλ(t, x0) := x(t), where x(0) = x0.
We say a set valued functionM = {Mt}t∈R of t ∈ R is
a nonautonomous set for (1) ifMt is nonempty for all t ∈
R [15]. Moreover,M is called Φ-invariant if Φ(t, s,Ms) =
Mt for all t, s ∈ R. We say that M has a property p if
and only if Mt has p for all t ∈ R.
To study the asymptotic behaviour of nonautonomous
sets, note there are several different notions of limit for
set valued sequences [16]. More precisely, for a nonau-
tonomous set M = {Mt}t∈R [17] one can define the up-
per forward limit (M+∞) and the upper backward limit
(M−∞) of M as follows:
M+∞ := lim sup
t→∞
=
⋂
τ>0
⋃
t≥τ
Mt,
M−∞ := lim sup
t→−∞
=
⋂
τ>0
⋃
t≤τ
Mt.
We focus on these upper limits (rather than lower limits)
as they capture the asymptotic behaviour in maximal
sense.
Furthermore, we denote the set of asymptotically sta-
ble attractors of (2) by Xas. The set of all exponen-
tially stable attractors Xstab is a subset of Xas. We call
Xstab/Xstab the set of bifurcations. A continuous set val-
ued function A(λ) ∈ Xas, for all λ ∈ [λ−, λ+], is called
a stable path. If A(λ) ∈ Xstab, for all λ ∈ [λ−, λ+], and
its stability is independent of λ, then we say the path
is uniformly stable. A uniformly stable path is called a
stable branch [11]. Note that a stable path can include a
several stable branches joined at bifurcation points.
A. Weak tracking of pullback attractors
We define local pullback attractors as in [11]. Suppose
that Φ is a process on Rn. A compact and Φ-invariant
nonautonomous set A is called local pullback attractor
if there exists an open set U that contains the upper
backward limit of A and satisfies.
lim
s→−∞
d(Φ(t, s, U), At) = 0,
for all t ∈ R, where d is Hausdorff semi-distance.
Theorem II.2 shows that for each asymptotically stable
attractor A− for the past limit system there is a local
pullback attractor for (1) whose upper backward limit
is contained in A−. This pullback attractor depends on
the parameter shift Λ, the rate r as well as the attractor
of the past limit system A−. Therefore, we denote the
pullback attractor by A[Λ,r,A−] and it consists of t-fibres
that are defined as :
A
[Λ,r,A−]
t :=
⋂
τ>0
⋃
s≤τ
Φ(t, s,Nη(A−)) (3)
for some η > 0. Note that if A− is an equilibrium then
[14, Theorem 2.2] shows that the pullback attractor is a
single trajectory or so called pullback attracting solution.
For a uniformly exponentially stable branch A(λ) that
contains an attractor of the past limit system A− :=
A(λ−) and for sufficiently small positive r, [11, Theo-
rem III.1] proves that the pullback attractor (3) end-
point tracks the branch A(λ) .
This tracking is not guaranteed for large values of
r > 0 or where a stable branch is weakened to a sta-
ble path. Rate-induced transitions take place when this
tracking breaks. [11, Definition III.1] defines different
rate-induced transitions between Partial tipping, total
tipping and invisible tipping. Here we present a new
phenomenon we call weak tracking that can also lead to
transitions.
Definition 1. Suppose that (A(λ), λ) ⊂ Xas is a path
of asymptotically stable attractors for λ ∈ [λ−, λ+]. De-
fine A± := A(λ±) and consider the pullback attractor
A[Λ,r,A−] with past limit AΛ,r,A−−∞ that is contained in A−.
We say there is strong tracking for system (1) from A−
for some Λ and r > 0 if A
[Λ,r,A−]
+∞ = A+. We say there is
weak tracking if A
[Λ,r,A−]
+∞ ( A+.
Lemma II.1 from Ref. [11] shows that the upper for-
ward limit A
[Λ,r,A−]
+∞ is invariant with respect to the fu-
ture limit system. Consequently, in order to exhibit weak
tracking the future limit system needs to have an attrac-
tor with a proper invariant subset.
As an example of this behaviour we consider the
Ro¨ssler system [13] with embedded unstable periodic or-
bits that can be the upper forward limit of the pullback
attractor for some positive r.
3Figure 1: In (a), the Ro¨ssler attractor for parameter values a = b = 0.2 and c = 5.7. This also shows the period-one
unstable periodic orbit Γ+, and Poincare´ section Σ defined as x(t)− y(t) = 0. In sub-figure (b) we plot the the
projection of the x-component of the return map of Ro¨ssler system. Assuming that a trajectory (x(t), y(t), z(t))
intersects with Σ at t = tn for n = 1, 2, ..., we define xn = x(tn). (γx, γz) represents the intersection of the periodic
orbit Γ+ with the section Σ.
III. WEAK TRACKING FOR
NONAUTONOMOUS RO¨SSLER SYSTEM
The Ro¨ssler system [13, 18] proposed one of the sim-
plest systems of ODEs that can have chaotic attractors.
This has only one non-linear term and the system is given
by:
x˙ = −y − z,
y˙ = x+ ay,
z˙ = b+ z(x− c).
(4)
There are many choices of parameters a, b and c that give
chaotic attractors [19–21]. We use as default a = b = 0.2
and c = 5.7 [13], which give a chaotic attractor as shown
in Figure 1(a).
We fix b = 0.2 and c = 5.7 throughout and analyse
the bifurcations of (4) as a(t) varies between asymptotic
values of a± as t→ ±∞. This “frozen” system has equi-
libria at
p1,2 = (x1,2, y1,2, z1,2) =
c±√c2 − 4ab
2a
(a,−1, 1) .
The equilibrium p1 is asymptotically stable for any neg-
ative a and bifurcates to stable periodic orbit at super-
critical Hopf bifurcation point aHB ≈ 0.005978. Soon
after Hopf bifurcation, the resulting stable periodic orbit
exhibits period doubling at aPD = 0.1096, and a period
doubling cascade as a increases until the system exhibit
chaotic behaviour at a ≈ 0.155.
To examine weak tracking, we shift a from a− to a+
for some a−, a+ ∈ R. Namely,
a(rt) =
∆
2
(
tanh
(
∆rt
2
)
+ 1
)
− a−
where ∆ = a+−a−, r > 0 and a− (a+) are the minimum
(maximum) value of the parameter shift a. Throughout
this paper we fix a+ = −a− = 0.2. We can write the
resulting Ro¨ssler system with parameter shift a(t) as:
x˙ = −y − z
y˙ = x+ y a(rt)
z˙ = b+ z(x− c)
(5)
The past limit system of (5) has a hyperbolic
stable equilibrium, Z− = c−
√
c2−4ab
2a (a,−1, 1) ≈
(−0.007, 0.0351,−0.0351). The future limit system, on
the other hand, has a chaotic attractor A+ that is the
typical Ro¨ssler attractor in Figure 1(a).
According to [14, Theorem 2.2], for any r > 0 sys-
tem (5) must have a pullback attracting solutionA[a,r,Z−]
that limits to Z−, backward in time. Moreover, One can
show that for almost every small enough r > 0, the up-
per forward limit of the pullback attractor A[a,r,Z−] is
the whole chaotic attractor A+. Nevertheless, there is
a set of isolated values of r > 0 that allow A[a,r,Z−] to
end up tracking one of the unstable periodic orbits that
are densely embedded in A+. In this paper, we consider
the period-one periodic orbit Γ+, in particular, see Fig-
ure 1. However, similar arguments can be made for any
unstable periodic orbits contained in A+.
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Figure 2: The parameter shift a(s) and the piecewise
linear approximation aˆ(s) vs time, for a+ = −a− = 0.2
and δ = 0.001.
A. Piecewise linear shift
In order to show that there are values of r such that
A[a,r,Z−] limits to Γ+ as t → ∞ we approximate the
parameter shift a(rt) by the following piecewise linear
function aˆ(rt):
aˆ(s) =


a− s ∈ (−∞,−τ),
(∆s+ a+ + a−)/2 s ∈ [−τ, τ ],
a+ s ∈ (τ,∞).
where τ =
(
log(∆− δ) − log(δ)
)
/∆, for small enough
δ > 0, note that at time ±τ the value of a is δ-close
to the upper and lower limits. i.e a(τ) = a+ − δ and
a(−τ) = a− + δ, see Figure 2.
The fact that aˆ is fixed for any t > τ , allows us to
consider A+ as an attractor for the system rather than
just the upper forward limit of the pullback attractor
A
[a,r,Z−]
t .
We embed a Poincare´ section Σ parametrised by (x, z)
with x ≤ 0, as:
{(x, x, z) : (x, z) ∈ Σ} ⊂ R3,
and consider t∗, which is any real value that satisfies
(i) t∗ ≥ τ and (ii) A[a,r,Z−]t∗ ∈ Σ, i.e. A[aˆ,r,Z−]t∗ is a point
in Σ.
Note that, the intersection of Γ+ with Σ is a fixed
point γ for the return map. If rc > 0 is chosen such that,
A
[aˆ,r,Z−]
t∗ is one of the pre-images of γ, then the the upper
forward limit of A[aˆ,r,Z−] is Γ+ and rc is a critical rate
for weak tracking.
B. Density of critical rates: Numerical evidence
To investigate weak tracking for System (5), with the
smooth parameter shift a(rt), we use a shooting method
as follows:
(i) We approximate the pullback attractor A[a,r,Z−]
by integrating (5), subject to an initial condition
Zinit fairly close to Z−. Namely, we choose Zinit =
(−0.007, 0.035,−0.035) and the integration time is
from −30 to T .
(ii) The point pullback attractor can be given as
A[a,r,Z−] = (x˜r(t), y˜r(t), z˜r(t)), where t ∈ [−30, T ].
(iii) Recall that the Poincare´ section Σ is parametrised
by (x, z) with x ≤ 0, as:
{(x, x, z) : (x, z) ∈ Σ} ⊂ R3
(iv) Assume that A[a,r,Z−] intersects Σ at times tn ≤ T
for n = 1, 2, ..., N , N ∈ N and tn−1 < tn.
(v) Consider the final intersection point
(x˜r(tN ), z˜
r(tN )) ∈ Σ. We approximate a signed
distance from the stable manifold of γ by the
following real valued “gap function”
η(r) :=
(
(x˜r(tN ), z˜
r(tN ))− γ
)
vTs
vsvTs
,
where γ = (γx, γz) ∈ Σ is the fixed point of Ro¨ssler
return map, see Figure 1, and vs is stable eigenvec-
tor of γ for the return map. Note that η(r) also
depends on T , b, c, amin, amax and pinit. However,
here we only consider variation of r.
(vi) By analogy to Section IIIA, whenever η(rc) ≈ 0
the pullback attractor A[a,r,Z−] intersects the sta-
ble manifold of Γ+, which gives the desired EtoP
connection. In other words, A[a,r,Z−] weakly tracks
A+ at r = rc. The method is illustrated schemati-
cally in Figure 4.
The function η(r) is as smooth as the state variables of
(4), i.e. it is at least C1. Consequently, one can numer-
ically approximate its roots, and hence the critical rates
of weak tracking, using a root-finding algorithm such as
Newton-Raphson method. Figure 3 shows that system
(4) exhibit weak tracking at two different critical rates.
We point out two numerical difficulties in our numer-
ical approach to approximate the rates of weak track-
ing: First, there is a large delay in Hopf bifurcation
that forces us to choose fairly large integration time T
in our calculations, which increases the computational
cost. Delay in dynamic bifurcations is very common and
not easy to avoid. For a system with linearly changing
time-dependent parameter with slope r, dynamic Hopf
bifurcation may have a delay time proportional to 1/r
before fast escape from the curve of unstable equilibria
occurs [22, 23]. More details on dynamic bifurcations and
their delay can be found in [24, Chapter 2]. Second, Fig-
ure 5 shows that η(r) is smooth with respect to r for a
particular range of r, which is [0.9, 1]. However, there is
no guarantee that η(r) is smooth or even contentious for
finite T . The definition of η(r) depends on the maximum
5Figure 3: Two examples of weak tracking (EtoP connection) for (5). The parameters are b = amax = −amin = 0.2,
c = 5.7 and T = 150. (a) and (c) show the EtoP connection at r = 0.9202212159423, (b) and (d) show the
connection at r = 0.995651959127.
Figure 4: A schematic diagram showing the shooting
method we use to find the the connection between Z−
and Γ+ for (5).
intersection time which in turn depends on the integra-
tion time T . Nevertheless, T can be chosen to smooth
η(r) out for any range of r.
Our numerical investigation supports the proposition
in Section IIIA, and suggest that there are infinitely
many critical rates that give weak tracking for (4). In
Figure 5 we plotted η(r) against 0.9 ≤ r ≤ 1, for dif-
ferent values of T = 125, 135, 145 and 155. The results
show that as T increases, the number of roots of η(r)
increases rapidly.
Despite the other periodic orbits that are embedded in
in A+, even for just one periodic orbit Γ+, our numerical
investigation shows that there are infinitely many critical
rates that give weak tracking. We conjecture that the set
of all critical rates rc is dense in R and has zero Lebesgue
measure.
IV. DISCUSSION
We study the well known Ro¨ssler system (4) with pa-
rameter shift, as a tool to illustrate a new rate-induced
phenomenon that we term “weak tracking”. We mono-
tonically shift the bifurcation parameter a such that the
system has an equilibrium attractor for the past limit
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Figure 5: The roots of η for different rescaling time T .
(a) T = 125, (b) T = 135, (c) T = 145, and (d)
T = 155. It can be seen that the zeros of η increase as
T increases. Note that, the zeros of η correspond to
critical rates of weak tracking. The parameter values
are b = amax = −amin = 0.2 and c = 5.7.
system and chaotic attractor for the future limit system.
We then show that there are isolated critical rates at
each of which the pullback attractor solution of the sys-
tem ends up tracking an embedded saddle periodic orbit
in the future chaotic attractor. We use a numerical ap-
proach, based on shooting method and carefully chosen
Poincare´ section, to approximate these critical rates.
For the augmented Ro¨ssler system (5) we conjecture
there is a dense and zero Lebesgue measure set of critical
rates that give weak tracking. We show this proposition
is true if the system has piecewise linear forcing instead
of smooth parameter shift. Furthermore, we provided
a numerical evidence of the existing of the dense, zero
measure set of critical rates for smooth parameter shift.
In order for the parameter shift system (1) to exhibit
weak tracking along a branch of attractors A(λ) from a
past limit attractor A− to A+, it is clear that the future
limit system must have a proper invariant subset S+ of
the future limit attractor A+, and the pullback attractor
with past limit A− must “fit in” to S+
For example, if we consider (1) then weak tracking cor-
responds to existence of a pullback attractor A
[Λ,r,A−]
t
with backward limit A− and forward limit S+. This
will only be possible if the dimension of A− is small
enough with respect to that of S+. For an eventually
constant parameter shift such as in Fig. 2, note that
A
[Λ,r,A−]
t = A− as long as t is sufficiently negative, and
as nonautonomous time evolution will be a diffeomor-
phism between any two finite times, i.e. A
[Λ,r,A−]
t is dif-
feomorphic to A− for all finite t. Hence in this eventually
constant case a necessary condition for A
[Λ,r,A−]
t to limit
to S+ is that A
[Λ,r,A−]
t ⊂ W s(S+) for sufficiently large
t where W s is the stable set for the future limit flow.
Hence
dim(A−) = dim
(
A
[Λ,r,A−]
t
)
≤ dim(W s(S+))
(where dim(A) represents Hausdorff dimension of A).
Hence weak tracking require
dim(A−) ≤ dim(W s(S+)) (6)
which means in particular if dim(A−) > dim(S+) then a
connection is not possible.
For example, if A− is an equilibrium or periodic orbit
then it is possible to have weak tracking to a periodic
orbit S+ contained in A+ a chaotic attractor. If A− is
chaotic then weak tracking will only be possible to an
invariant set S+ with dimension greater than A−. A
similar result will presumably apply more generally, even
if the shift is not eventually constant. In this case the
condition for weak tracking will be in terms of a condi-
tion for existence of a connection from A− to S+ for the
extended autonomous system.
Parameter shift systems such as (1), and asymptotic
autonomous systems more generally, have a rich tipping
behavior. Ref. [11] gives an example of a system with
pullback attractor that exhibit partial rate-dependent
tipping, where a whole subset of phases tracks different
quasi-static attractor than it would be for other rate of
shift, while, the rest of the pullback attractor still tracks
the associated quasi-static attractor. This behaviour can
still be produced in Ro¨ssler system with a suitable pa-
rameter shift that shifts the chaotic attractor partially
out of its basin of attraction.
Namely, assume the parameter shift Λ(rt) limits to λ±
backward and forward in time respectively. Also assume
A− is the chaotic attractor for the autonomous Ro¨ssler
system at λ− and A+ is the chaotic attractor for the
autonomous Ro¨ssler system at λ+. Partial tipping is only
possible for some values of r if and only if
A−
⋂
(B (A+))
C 6= ∅.
where B (A+) is the basin of attraction of A+. In the
words of Ref [25], the attractor A− is partially basin-
unstable along the parameter path ∆λ := [λ−, λ+].
Beside the phenomena illustrated in Ref. [11], nonau-
tonomous systems with nonequilibrium attractors may
7exhibit more interesting transitions. For example, sys-
tems that have attractors with fractal basins could ex-
hibit fractality-induced tipping [26] due to the high com-
plexity of the basin not because of the well known tipping
mechanisms presented in Ref. [1]. Fractal basins are very
common in physical systems, and could cause a high un-
certainty when it comes to predicting the final state of
a trajectory. They can be a result of crossings of the
stable and unstable manifold of an invariant set that is
embedded in basin boundary [27]. In maps this crossings
called homoclinic points, the existence of one homoclinic
point implies the existence of infinitely many of them
[19], which induce a fractality of the basin boundary.
Fractality could be a sign of the presence of transient
chaos [28]. One phenomenon that can lead to transient
chaos is a boundary crisis [29, 30], where the attractor
intersects its basin boundary and leaks out. If the time
dependent parameter passes through a region where there
is a crisis, then the system exhibit attractor hopping be-
haviour [31], which may led to partial or even total tip-
ping.
ACKNOWLEDGEMENTS
HA’s research is funded by Enterprise Ireland grant
agreement No. 20190771. PAs research was partially
supported by the CRITICS Innovative Training Network,
funded by the European Unions Horizon 2020 research
and innovation programme under the Marie Sklodowska-
Curie Grant Agreement No. 643073. Both authors grate-
fully acknowledge the insightful comments by Jan Sieber,
Roberto Barrio, Damian Smug, Paul Richie, and Sebas-
tian Wieczorek.
[1] P. Ashwin, S. Wieczorek, R. Vitolo, and
P. Cox, Phil. Trans. R. Soc. A 370, 1166 (2012),
arXiv:1103.0169.
[2] S. Wieczorek, P. Ashwin, C. M. Luke, and P. M. Cox,
Proc. R. Soc. A 467, 1243 (2011).
[3] C. Perryman and S. Wieczorek,
Proc. R. Soc. A 470, 20140226 (2014).
[4] P. Ritchie and J. Sieber, Chaos 26, 093116 (2016),
arXiv:1509.01696.
[5] P. Ritchie and J. Sieber,
Phys. Rev. E 95, 052209 (2017).
[6] A. Hoyer-Leitzel, A. Nadeau, A. Roberts, and A. Steyer,
arXiv:1702.02955.
[7] H. Alkhayuon, P. Ashwin, L. C. Jackson, C. Quinn, and
R. A. Wood, Proc. R. Soc. A 475, 20190051 (2019).
[8] P. E. O’Keeffe and S. Wieczorek, arXiv: 1902.01796 , 1
(2019), arXiv:arXiv:1902.01796v3.
[9] B. Kasza´s, U. Feudel, and T. Te´l,
Phys. Rev. E 94, 1 (2016).
[10] B. Kasza´s, U. Feudel, and T. Te´l,
Chaos 28, 033612 (2018).
[11] H. M. Alkhayuon and P. Ashwin,
Chaos 28, 033608 (2018), arXiv:1708.04818.
[12] J. Milnor, Commun. Math. Phys. 99, 177 (1985).
[13] O. E. Ro¨ssler, Physics Letters A 57, 397 (1976).
[14] P. Ashwin, C. Perryman, and S. Wieczorek,
Nonlinearity 30, 2185 (2017), arXiv:1506.07734.
[15] P. E. Kloeden and M. Rasmussen, Nonautonomous Dy-
namical Systems (AMS Mathematical surveys and mono-
graphs, 2011) p. 264.
[16] J.-P. Aubin and H. Frankowska, Set- Valued Analysis
(Birkha¨user, Boston, 1990).
[17] M. Rasmussen, Set-Valued Analysis 16, 821 (2008).
[18] O. E. Ro¨ssler, Zeitschrift fu¨r Naturforschung A 31, 1664 (1976).
[19] K. T. Alligood, T. D. Sauer, and J. a. Yorke, Chaos: An
Introduction to Dynamical Systems (Springer, New York,
1996).
[20] R. Barrio, F. Blesa, and S. Serrano,
Chaos 24, 024407 (2014).
[21] C. Letellier, P. Dutertre, and B. Maheu,
Chaos 5, 271 (1995).
[22] A. Neishtadt, Discrete and Continuous Dyn. Sys. 2, 897 (2009).
[23] C. Lobry, in Dynamic Bifurcations, volume 1493 of Lec-
ture Notes in Mathematics (Sipringer, Berlin, 1991) pp.
3 – 13.
[24] N. Berglund and B. Gentz, Noise-induced phenomena in
slow-fast dynamical systems: a sample-paths approach
(Springer Science & Business Media, London, 2006).
[25] H. Alkhayuon, R. C. Tyson, and S. Wieczorek, Unpub-
lished preprint (2020).
[26] B. Kasza´s, U. Feudel, and T. Te´l, Scientific reports 9, 1
(2019).
[27] J. Aguirre, R. L. Viana, and M. A. Sanjua´n, Reviews of
Modern Physics 81, 333 (2009).
[28] T. Te´l, Chaos 25, 097619 (2015).
[29] C. Grebogi, E. Ott, and J. A. Yorke,
Physica D: Nonlinear Phenomena 7, 181 (1983).
[30] C. Grebogi, E. Ott, and J. A. Yorke,
Physical Review Letters 48, 1507 (1982).
[31] S. Kraut and U. Feudel, Physical Review E 66, 015207
(2002).
